A comparable study of the quantum van der Waals and Walecka models of nuclear matter is presented. Each model contains two parameters which characterize the repulsive and attractive interactions between nucleons. These parameters are fixed in order to reproduce the known properties of the nuclear ground state. Both models predict a first-order liquid-gas phase transition and a very similar behavior in the vicinity of the critical point. Critical exponents of the quantum van der Waals model are studied both analytically and numerically. There are important differences in the behavior of the thermodynamical functions of the considered models at large values of the nucleon number density.
I. INTRODUCTION
Nuclear matter is a hypothetical infinite system of interacting nucleons, which has a long history of research. The known phenomenology of a nucleon-nucleon potential suggests repulsive interactions at a short range and attractive interactions at an intermediate range. Similarly to most molecular systems, a liquid-gas phase transition takes place in nuclear matter. Experimentally, the presence of a liquid-gas phase transition in nuclear matter was first reported in Refs. [1] [2] [3] by indirect observations, while the direct measurements of the nuclear caloric curve were first done by ALADIN collaboration [4] , and were later followed by other experiments [5, 6] . Thermodynamics of nuclear matter and its applications to the production of nuclear fragments in heavy ion collisions were considered in Refs. [7] [8] [9] [10] [11] [12] in 1980s (see Ref. [13] for a review of these early developments).
The properties of nuclear matter are described by many different models, in particular by those which employ the relativistic mean-field theory (RMF) [14] [15] [16] [17] [18] , as well as parity doubling [19] [20] [21] . In the RMF models interactions are treated in the mean-field approach. The repulsive interactions are normally mediated through the vector meson exchange, while the attractive interactions are described by the scalar meson exchange.
The classical van der Waals (vdW) equation was recently generalized to include the effects of quantum statistics, and then applied for a description of the symmetric nuclear matter in Refs. [22, 23] . In the resulting quantum vdW (QvdW) model the repulsive interactions are modeled by means of the excluded-volume correction, while the attractive interactions are described by the density-proportional mean field. The QvdW model is fairly good in describing the basic properties of nuclear matter. A more general vdW-type formalism, which is based on the real gas models of equation of state and which allows variations on the excluded-volume mechanism and on the attractive mean field, was recently presented in Ref. [24] . The vdW-type approach is quite different from the conventional nuclear matter models which are mostly based on the RMF theory, such as the Walecka model [14, 25] and its various generalizations (see, e.g., Refs. [26] [27] [28] for an overview). One notable difference is the absence of the effective mass concept in vdW model. In contrast, the effective mass is one of the main quantities in the RMF approach. Nevertheless, qualitative features of the nuclear matter phase diagram look very similar in both approaches.
In this work, a comparable study of the Walecka and QvdW models of nuclear matter is presented. Both models contain two parameters, which characterize repulsive and attractive interactions within the mean field approach. They are fixed in order to reproduce known properties of a nuclear ground state. The predictions of the models regarding the location of the critical point and nuclear incompressibility are compared to each other, as well as to the available empirical data. A hybrid model, where the attractive interactions are mediated through the scalar meson exchange and where the repulsive interactions are modeled by means of the excluded-volume correction, is considered as well for completeness.
The critical behavior in the vicinity of the critical point (CP) is studied in some detail in the present work. Critical exponents, which characterize this critical behavior, are studied both analytically and numerically in the QvdW model, and compared to the predictions of the mean-field universality class.
The paper is organized as follows. Section II describes the three models under consideration: the Walecka model, the QvdW model, and the Hybrid model. Section III presents the predictions of the models regarding the nuclear matter properties. Section IV discusses the critical behavior of the two models in the vicinity of the CP of nuclear matter. Summary in Sec. V closes the article, and Appendix presents the thermodynamical functions of the ideal Fermi gas.
II. MODELS A. Walecka model
The Walecka mean-field model of nuclear matter is the first and the simplest model from the quantum hadrodynamics framework. This model is based on the Lorentz invariant Lagrangian density, where couplings of the nucleon field to the scalar σ meson and to the vector ω meson fields are included, and where the scalar field self interactions are neglected. The scalar and vector mesons act as exchange particles, which mediate, respectively, the attractive and repulsive interactions between nucleons. The mean field approximation prescribes that the meson fields and the nuclear current are replaced by their mean values, which are assumed spatially and time independent. This enables to derive the pressure function, which plays the role of the grand canonical ensemble (GCE) thermodynamical potential, in the following form [25] :
where T and µ are, respectively, the system's temperature and chemical potential, n(T, µ) is the nucleon density, µ * and m * are, respectively, the effective nucleon chemical potential and mass. The newly introduced quantities µ * and m * are determined from the extremum condition of the thermodynamical potential (i.e., maximum of the pressure):
For the pressure (1) this yields:
where f k is the average occupation number, which corresponds to the momentum k and which is given by Eq. (A2), and g N ≡ 4 is the spin-isospin nucleon degeneracy factor. Equations 
Using the standard thermodynamic relations in the GCE,
one finds the nucleon number and energy density functions of the Walecka model:
where the ideal gas particle density n id and energy density ε id are given by Eqs. (A3) and (A4), respectively.
B. Quantum van der Waals model
The classical van der Waals equation of state reads:
where V is the system's volume, N is the number of particles, b > 0 is the excluded volume parameter characterizing the repulsive interactions, and a > 0 is the parameter characterizing the strength of the attractive mean field.
The generalization of the vdW equation which includes the quantum statistical effects, and which is, therefore, suitable for the description of nuclear matter, was proposed in Ref. [22] . The corresponding model will be referred to as the QvdW model. The GCE pressure and particle density of the QvdW model are determined from the following system of two equations:
where the effective chemical potential µ * is given by
Here p id and n id are, respectively, the quantum ideal gas pressure (A1) and particle density (A3).
The energy density in the QvdW model is calculated using the standard thermodynamical relations (6):
− a n n .
Let us additionally consider a Hybrid model, where the attractive interactions are mediated by the scalar σ meson exchange, as in the Walecka model, and where the repulsive interactions are implemented by the excluded volume correction, as in the QvdW model. The equations for pressure and particle density within this model read
where the effective chemical potential µ * and the effective nucleons mass m * are determined by the following gap equations
Finally, the energy density is obtained from the standard thermodynamic relations:
III. NUCLEAR MATTER
In this section, the QvdW and Walecka models are used to describe the properties of symmetric nuclear matter. Our consideration will be restricted to small temperatures, T ≤ 30 MeV, thus, a pion production is neglected. In the present work, we also neglect a possible formation of nucleon clusters (i.e., ordinary nuclei) and baryonic resonances (like N * and ∆) which may be important at low and high baryonic density, respectively. Within these approximations, the number of nucleons N becomes a conserved quantity, and it plays the role of an independent variable in the canonical ensemble formulation. In the GCE, the chemical potential µ regulates the nucleon number density. We fix the attractive and repulsive parameters for each model in order to reproduce the properties of infinite nuclear matter in its ground state at T = 0 (see, e.g., Ref. [29] ):
We start with the QvdW model. The pressure p, the nucleon number density n and the energy density ε are given by Eqs. (10 -11) and (13), respectively. One has the system of three equations (19) for three unknown quantities, namely effective chemical potential at the ground state (GS) point µ * GS , a, and b. The solution to this system of equations reads [34] :
QvdW :
For the Walecka model one has to substitute the corresponding expressions for the thermodynamic quantities, namely (1), (7), and (8) into Eq. (19) . An additional expression (4) is also used to determine the effective mass at the GS point m * GS . At zero temperature, this expression reads
where y ≡ µ * GS /m * GS . Thus, one obtains the system of four equations for four unknowns, µ * GS , m * GS , c 
In the Hybrid model one has to use expressions (14) , (15) , and (18) when solving Eq. (19).
One obtains:
The dependence of the energy per nucleon on nucleon density at T = 0 is shown in Fig. 1 (a) for the Walecka and QvdW models. At the ground state density n = n 0 ∼ = 0.16 fm . This is because of a different ground state nuclear density n 0 ∼ = 0.15 fm −3 used in [33] . repulsion, which leads to the upper limit n lim = 1/b for the nucleon density. The same upper limit is present in the Hybrid model as the repulsive interactions are also modeled with the vdW excluded volume correction. In contrast, the nucleon density is not limited from above in the Walecka model. The applicability of the vdW excluded volume modeling is questionable at high densities in the vicinity of n lim = 1/b. We note that the range of the applicability can be extended to higher baryon densities by considering modifications of the vdW repulsive term. One popular modification is the Carnahan-Starling model [30] , which has a larger upper density limit of n CS lim = 4/b, and which has recently been successfully used in the hadronic physics applications [24, 31, 32] . The lines of the first-order liquid-gas phase transition in both models are shown in the (µ, T )-plane in Fig. 1 (b) . The end points of these lines correspond to the CP. The two lines coincide at a point at T = 0. This point corresponds to the nuclear ground state and it is depicted by the open circle.
At T < T c there is a first-order phase transition between the gas and liquid phases. In order to find the gas and liquid densities n g and n l in the mixed phase at these temperatures, one applies the Maxwell rule of equal areas to the isotherms p = p(v ≡ 1/n, T = const). At T = T c these two densities coincide with the critical density n c , which gives the location of the CP. The locations of the CP together with values for the incompressibility, K 0 = 9(dp/dn) T =0 , within the Walecka, Hybrid and QvdW models are presented in Table I . The experimental estimates [35] for these values are also shown in Table I . All three considered models overshoot significantly the values of nuclear incompressibility K 0 . In that regard we note that the Walecka model is the simplest model from the class of RMF models, while the QvdW model is the simplest model from the class of real gas models. Both models are known to overshoot empirical values of K 0 . More elaborate models, such as the RMF Boguta-Bodmer model [36] , or the real gas Clausius model [24] , can considered to address this issue. We do not expect such modifications to change qualitative features of the critical behavior in nuclear matter, which are studied in this work. Let us introduce the following reduced variables: T ≡ T /T c , n ≡ n/n c , and p ≡ p/p c . The classical vdW equation of state (9) becomes independent of the interaction parameters a and b when expressed in these reduced variables. This independence on the interaction parameters is known as the law of corresponding states. Although vdW equation do not describe real gases and liquids such a law is known to hold true for many real gases and liquids with rather good accuracy (see, e.g., Ref. [37] ). The coexistence curves and critical isotherms in the reduced coordinates for both models are presented in Figs. 2 (a) and (b), respectively. One sees only a tiny difference between the two models, mostly in the high density region.
IV. CRITICAL EXPONENTS
Critical exponents characterize the critical behavior of the thermodynamic quantities in the vicinity of the CP. This is done in terms of the power law expressions (see, e.g., Ref. [37] ). The so-called thermodynamic critical exponents are α, β, γ, and δ. Their definitions are presented in the first two columns of Table II .
The critical behavior in the Walecka model had been studied before (see, e.g., Ref. [33] ). The obtained values for the critical exponents are α = 0, β = 1/2, γ = 1, and δ = 3. These values of exponents correspond to the universality class of the mean-field theory. A variety of models belong to this class, including, e.g., the classical vdW model. The critical exponents within the QvdW model are expected to satisfy the scaling relations
which are called the Rushbrook and Widon scaling relation, respectively (see, e.g., Ref. [37] ).
Thus, it is sufficient to determine only a pair of critical exponents.
First, let us find the γ critical exponent. It can be shown that the isothermal compressibility κ T is proportional to the scaled variance of the particle number distribution, i.e. T n κ T = ω[N ].
Thus, at τ =T − 1 → 0 + and n = 1 one has
where G is the critical amplitude. The scaled variance in the QvdW model reads [34] ω
where ω id (T, µ * ) is the scaled variance for the corresponding ideal gas (A9). The factor in the square brackets in the r.h.s. of Eq. (26) goes to zero at T → T c . As the result, ω[N ]
diverges [34] at the CP. Let us perform the Taylor series expansion of this factor in the vicinity of the critical temperature T c for T > T c at the critical density n = n c . Neglecting the terms proportional to the second or higher power of τ , one obtains
where the (dω id /dT ) derivative is taken at a constant particle number density n = n c . Substituting this result into Eq. (26) one obtains the following expression
Comparing Eq. (28) with Eq. (25) one gets the value of the critical exponent of γ = 1 and the critical amplitude
The value of γ is obtained analytically while the value of G is calculated numerically. Note that in the Boltzmann approximation ω id ≡ 1, and Eq. (29) reads G = p c /(2an 2 c ). Using the classical vdW expressions p c = a/27b 2 and n c = 1/3b for the critical parameters [37] , one finds that G = 1/6 for the classical vdW model. Thus, the deviation of the critical amplitude G in the QvdW model from its classical vdW value is the effect of Fermi statistics. On the other hand, the γ = 1 value is the same in both, the classical and the quantum vdW models.
The definition of the γ critical exponent can be also written in the following form,
This particular form is quite general, and it is useful for the numerical determination of γ. To illustrate this, we depict the γ(τ ) function in Fig. 3 (a) for the QvdW model of nuclear matter.
One sees that, for τ 0.01, γ(τ ) is already not distinguishable from unity.
We consider only numerical computation of the δ critical exponent in the QvdW model of nuclear matter. In analogy to Eq. (30), the δ exponent (see Table II ), can be rewritten as
for bothñ < 1 andñ > 1.
The dependence δ( n) at the critical isotherm T = T c is presented in Fig. 3 (b) for n < n c (upper line) and n > n c (lower line). The numerical calculation yields δ = 3 and 
V. SUMMARY
An infinite system of interacting nucleons (nuclear matter) has been considered in the framework of the Walecka model [25] and of the quantum formulation of the van der Waals model [22] . A third model discussed in the present paper is the Hybrid model, where the attrac- where n id is given by Eq. (A3). Note that in the Boltzmann approximation ω id ≡ 1 .
